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That all these three cases are possible is shown by simple exam pies ; for instance, in the case of the surface
^2 + Z2 _ zt = 0,
the three coordinate axes illustrate the three cases.
We shall often find it convenient to say that a tangent line meets the quadric in two coincident points.
From the proof we have given of Theorem 1, we can also infer the further result :
THEOREM 2.    If (yv ya, y3, y4) is a point on the quadric (1), then if
(3)
every line through y is either a tangent or a ruling of (1), otherwise every line through y which lies in the plane
(4)                           i^yy = 0
is a tangent or ruling of (1), while every other line through y is a secant.
A theorem of fundamental importance, which follows immediately from this, is :
THEOREM 3. If there exists a point y on the quadric (1) such that the identity (3) is fulfilled, then (1) is a cone with y as a vertex ; and^ conversely, if (1) is a cone with y as a vertex, then the identity (3) is fulfilled.
We pass now to the subject of tangent planes, which we define as follows :
DEFINITION 2. A plane p is said to be tangent to the quadric (1) at one of its points P, if every line of p which passes through P is either a tangent or a ruling 0/(l).
It will be seen that, according to this definition, if (1) is a cone, every plane through a vertex of (1) is tangent to (1) at this vertex. We have thus included among the tangent planes, planes which in ordinary geometric parlance would not be called tangent. The same objection applies to our definition of tangent lines. We therefore now introduce the distinction between true tangent lines or planes and pseudo-tangent lines or planes.
DEFINITION 3. A line or plane which touches a quadric surface at a point which is not a vertex is called a true tangent ; all other tangent lines and planes are called pseudo-tangents.
* It should be noticed that, on account of the relation ay = a/{,